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Abstract. In this paper we study the behavior of the solution to the d- 
Ncumann problem for (0, l)-forms on a bi-disc in C 2 . We show singularities 
which arise at the distinguished boundary are of logarithmic and arctangent 
type. 



1. Introduction 

Let C C™ be a bounded, pseudoconvex domain, equipped with the standard 
Hermitian metric. The 9-Neumann problem, on domains with a C 2 defining func- 
tion, takes the form of the boundary value problem 

Du = f in Q, 

for / in Lp A {fl), and 

(1.1) u\dp = 0, 

(1.2) du\dp = 0, 

on <9f2, where □ is the complex Laplacian, dd* + dd*. 

In the past decade, considerable attention has been given to the study of the 
9-Neumann problem on non-smooth domains. We point to the papers of Henkin 
and Iordan @], Henkin, Iordan, and Kohn 0, Michel and Shaw QE], and Straube 
UJ, in which properties, compactness and subelliptic estimates, hold for the Neu- 
mann operator, N, the inverse to the 9-Neumann problem, on certain non-smooth 
domains. 

In [2], the author studied the (9-Neumann problem for (0, l)-forms on a model 
domain, the product of two half- planes in C 2 . We continue here the study of the 
problem for (0, l)-forms on model domains, focusing on the bi-disc, f2 = Bi x D2 G 
C 2 , where Di C C and O2 C C are defined by the equations r\ < 1 and ri < 1, 
respectively, where rj = \zj\, j = 1,2. The existence of a solution in L 2 (f2) is 
given by Hormander [Sj. We shall see singularities only occur on the distinguished 
boundary, 9Di x dW>2- Our main result is the 

Theorem 1.1. Let £1 £ C 2 be the bi-disc, Di x D2, where Dj is the disc {zj : \zj\ < 
1} for j — 1, 2. Let f — f\dz\ + fidzi be a (0, l)-form such that f G C^^(il.), the 

family of (0, 1) -forms whose coefficients are in C°°(Q), and u = u\dz\ + U2dz2 the 
(0, l)-form which solves the d-Neumann problem with data the (0, l)-form f on f2. 
Then, with zj — rje l6j , near r\ — r^ — 1, Uj can be written as 

'log r x ' 



Uj = otj log ((logri) 2 + (logr 2 ) 2 ) + f3j + jj arctan ( 



log r 2 



1,2, 
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where otj, 0j, jj are smooth functions of r±, ti, 9i, Qi. 

We point out the interesting phenomenon that, although the Neumann operator 
on (0, l)-forms, ^V(o,i) 5 is not regular, 8*N( ^ is. Regularity of 9*iV( ,i) follows 
from regularity of the Bergman projection on the bi-disc and the formula for the 
Bergman projection, P, 

Pg = g - d*N (0A) dg 

for g e L 2 (tt). 

I wish to thank several people who helped me in the preparation of this article. 
I offer my gratitude to David Barrett under whose guidance and encouragement I 
first considered the problem on the bi-disc. I also wish to thank Harold Boas, Peter 
Kuchment, and Emil Straube with whom I could share and discuss various ideas in 
the course of my research. 

2. Setup 

We set up the 9-Neumann problem for (0, l)-forms on the bi-disc, SI = Bi x B 2 £ 
C 2 and prove regularity results away from the distinguished boundary. 

Bd*u + B*du = f 

gives equations for u\ and it 2 based on the Laplacian: 

(2.1) A Ul = -2/1, 

Au 2 = -2/2, 

which, in polar coordinates (r*i,0i), (r^, 62), are 
d 2 Uj 1 duj 



(2.2) 



r H H r + 

dr\ n dr\ r\ dQ\ 

d 2 Uj 1 duj 1 d 2 uj 



<9?2 T2 df2 r% 882 

The boundary conditions l|1.2|l . which were defined for C 2 domains, may be 
adapted to our case of the bi-disc to yield the conditions 

(2.3) ui — when n = 1, 

U2 = when r% = 1, 

and 

(2.4) ^-^ = ° 

azi 02:2 

when ri = 1 or r2 = 1. However, since ui = when n = 1, we must have = 0, 
and on the boundary n = 1, 12.4|l is 

Similarly, for f2 = 1, l|2.4|l is 

Lemma 2.1. Let u be a solution to the d-Neumann problem on Q = Bi x O2. TTien 
u is smooth in any neighborhood, V C £1 not intersecting cWi x dU>2- 
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Proof. We consider ui, the solution to equation H2.1(l with the boundary conditions 
given by (fPj) and 

Interior regularity follows from the strong ellipticity of the Laplacian. 

Also, general regularity at the boundary arguments for the Dirichlet problem can 
be applied to the case in which V is a neighborhood such that V f] dVl = V f] <9Bi ^ 
(see [H])- 

Lastly, suppose V is a neighborhood such that Vf]dQ = Vf}dH)2 7^ 0- Define 
v — and consider the related problem 

oz 2 

on Q, with the conditions 

v = on 7*1 = 0, 

v = on T2 = 0. 

We know, from above, that v is smooth on all neighborhoods not intersecting 
c©! f| <9D 2 , hence in Let z' = (z[, z' 2 ) £Vf] dB> 2 . We will work in the neighbor- 
hood Di x V2, where V2 is a bounded neighborhood of z' 2 in O2 such that V2 f] ©2 
has smooth boundary. Let \ £ C^(V 2 ) such that \ = 1 near z' 2 . Define 

u=—. t d( 2 Ad(2- 

2tt« Jy 2 C2 - Z2 

u' has the properties = v near z' and u' 6 C°°(Di x V2) PP- 

We define the operators A, to be -is + -jr-5 for j — 1, 2. Then, computing Am' 

3 3 

in li x V2, we find 

Au' = — - " d( 2 A dC a + 0( gl>Za ), 
7T* Jy 2 C2 ~ ^2 

which is in C°°(Di x V2), where, with p = K2I, 

,2) =^ / (A y (Zl ' C2 ^ C2 A d& + A / ftftl4ft dC 2 A d(2 

1 /• X(C 2 )^^ 



9P dC2. 



27ri 7ay 2 n ao 2 C2 - z 2 

'2i a? 2 



We set w — U\ — u' and show u> € G°°(ID>i x V^)- For z 2 near z 2 , §^ = 0, in 
which case 
(2.6) 

A lW = Aw = -2/i - Am' = -2/i + — / dC,2Ad( 2 - <t>(zi,z 2 ). 



■xi Jv 2 C2 - z 2 

We also have the boundary condition = when r± — 0. Hence u> is the solution 
to a Dirichlet problem on the unit disc, 



(2.7) w= / Gi(«i,Ci)*(Ci,«a)dCiAdCi, 

where Gi is the Green's function for Di, 

Gi = — log i^i - Cii - ^ log 1 i^i r 1 ^ - 1C1 1 — x Ci 1 > 



4 



DARIUSH EHSANI 



and $ is denned to be the right hand side of eauation l2.6l Because $ 6 C°°(Di x V2), 
so is w, and m G C oc {B 1 x V2) follows from the fact that v! £ C°°(©i x 

The same reasoning applies to u 2 , an d this proves the lemma. □ 

We may simplify our calculations if we consider the equations 

An, = gi 

with boundary conditions 

Vi = on <9i7 

for i = 1,2, where Vi = §f and 9i = -2§| (j ^ i). 
Expanding Vi and c/i into Fourier series: 



(2.8) v 1= V a mim2 (r 1 ,r 2 )e"" l9l e mi2e2 



mi ,rri2 — — oo 



gi= V c TOl(na (ri,r a )e imi *e iB *ft'. 



mi ,m2 — — 00 



Using these expansions in H2.2|) . (|2.3|l . an( i jZH ) we see the family of equations 

3 (Imimn 1 ^^mimo 777i 



miiji2 

72 h 17 «7 3 a ™im2- 



2 

n 2 m 2 



d 2 a mim2 1 da 



5r| r 2 9r 2 7" 2 
are satisfied with the boundary conditions 

arnim 2 (l,7'2) = 0, 

a mim2 (ri, 1) = 0. 
We have analogous equations for vi- 

3. Solution 
We are then led to study the equations 

orf ri <9ri 



^mim2 — C-m\ra 2 777 1 j 777-2 — 0> -'-1) ■ 



ar^ 7- 2 ar 2 r| 

in the space ri < 1, r 2 < 1. Here a mim2 = a miTO2 (n, r 2 ) and c mim2 = c mim2 (ri,r 2 ), 
and the boundary conditions 

a miro2 (l,r 2 ) = 0, 

Omim 2 ( r l) !) = 

hold. 

We make the transformation yj = —logrj for j = 1,2 in (|3.1|l . and multiply 
the resulting equation by e 2yi e 2y2 . Then with A TO1TO2 — a mim2 (e~ yi , e~ V2 ) and 
C mim2 =e- 2 ^e- 2 ^c mim2 (e-w,e-» 2 ), EH becomes 

e 2y2 (D 2 — m 2 )A„ lim2 + e 3/1 (Z?2 — mi,)A mim2 — C mim2 
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on the first quadrant in K 2 , where Dj stands for the differential operator , and 
the boundary conditions are 

A mim2 (0,y 2 ) = 0, 
A mim2 (yi,0) = 0. 

We extend A mirri2 and C mirrl2 by odd reflections in the variables yi and y 2 , 
labelling the extended functions A mirri2 and C mim2 , respectively, and we look to 
solve 

p - 2 \V2\(r)2 _ 2\ 7 , -2|yi|/Tj2 _ 2y _ n 

Let x be a smooth compactly supported cutoff function in R 2 , symmetric about 
the origin, such that x = 1 m a neighborhood of the origin. Then xA mi m 2 satisfies 

(3.2) e- 2 ^{D\ - m\) X A mim2 + e~ 2 ^(D 2 - m 2 ) X A mim2 = h, 

where h is a compactly supported, odd function of y± and y 2 , which, when restricted 
to the first quadrant is C°° up to the boundary, and, in a neighborhood of the origin, 
is equivalent to C mim2 . 

Upon taking Fourier transforms of (|3.2|) we obtain 

(3.3) ({li + m 2 )e- 2 \ D ^ I + (^ + m 2 ) e - 2 \ D ^ ( X i mim3 ) = h, 

where \D nj \ is the positive square root of — for j = 1,2. We intend to invert 
the operator 

{r, 2 + m\)e- 2 ^ I + ( % 2 + m 2 ) e - 2 \ D ^ ' . 

(3.4) ((r? 2 + m 2 )e- 2 ^\ + (s? 2 + to 2 )^ 2 ^) ( x i mitBa )* = 

( ?? 2 + TO 2 ) ( X i 

(T7 2 + to 2 ) ((e- 2 l^l - l) X A mim2 ) + ( % 2 + to 2 ) ((e- 2 l^l - l) X i mi ™ 2 ) 

(r/ 2 +TO 2 )(/-/s:) (xA rni m 2 ) , 

where rj 2 = rjf + rj% and to 2 = m\ + to 2 ,, I is the identity operator, and K is the 
operator defined by 

for 6 L^(M 2 ). 

Now let xi = X, and define cutoff functions, X ji which are symmetric about the 
origin, for j — 1,2. . ., such that Xj = 1 on suppxj-i- Also, define T = I and 
Tj(j) = (K (xjTj-i(j)) ) for e Lq for j = 1, 2, . . .. We may assume, after restricting 
the supports of the Xj if necessary, that the following relations hold 

\\Tj<j>h < Hh G L 2 and Vj S N; 
1 1 2j Am ma 1| 2 as j -> oo. 
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From l|3.3[l and (|3.4|) we have 
(3.5) {I-K)[ X A mim A=®, 



where <l = v -i^ m a , and from (|3.5() we obtain, 

(3.6) - Xn+2T n+ lA 

m\rri2 

where s n = (Xn+i - Xn+2)T n+1 A mim2 + x„+i (Jf s„_i) and s = (y 2 - Xi)$- Equa- 
tion ^. 61 gives terms of a telescoping series which converges in L 2 since \\x n +2T n +iA mim2 \\ 2 
as n — ► 00. For any e > we may also choose the \j so that ||xn+i ~ Xn\\2 < 
2"+ i \\A mim2 \\ 2 for n > 2 and ||x2 - X1II2 < 2|f% which implies || J^L s n \\ 2 < e. 
Hence, we conclude 

2 00 

(3.7) xAmm 2 = ^2 Xn+lT n <$>. 

n=0 

Remark 3.1. To proceed formally, we may take l|3.7|l as a starting point, using (13.71) 
to define a function a mim . 2 (ri,r 2 ) from the transformations above. Then it is easy 
to show, working backwards, that V\, as defined in l|2.8[l . gives rise to a function 
Mi which solves (I2.1|) . (|2.3|) . and (|2.5|) . In fact, using Lemma \'2. II we can show the 
boundary conditions are satisfied in the classical sense. 

4. Behavior at the distinguished boundary 

Here we find the singular functions which are in the expansion, l|3.7[) . We show, 
in particular, 

Proposition 4.1. ViV £ N, 3 polynomials of degree N, An, Bn, and Cn, such 
that, near the origin, modulo terms which are in C N (M.+ x IR+), 

A mim2 = A N \og(y\ + y\) + B N + C N arctan — . 

V2 

In the proof of the proposition we shall make use of functions constructed in [2] . 



Let 



$i(yi,2/2) = -^og{vl + vl) 



and define to be the unique solution of the form 

Pi (2/1,2/2)10^(2/! + 2/1) +P2 (2/1,2/2), 

where p\ and p 2 are homogeneous polynomials of degree 21 — 2 in y\ and y 2 such 
that p 2 (yi, 0) = 0, to the equation 

1 _ 

~dyV = 2l y ^ 1 

for I > 1. Then with defined for I > 1, define ($1)0 = for y 2 > 0, and, for 
j > 1, to be the unique solution of the form 

Pi log(?/i + 2/2) +P2 + Ps arctan ( — 

\2/2, 

on the half-plane {(2/1,2/2) : 2/2 > 0}, where pi, p 2 , and P3 are polynomials in y\ 
and 1/2 such that P2(0, 2/2) = 0, to the equation 
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Also, define recursively for k > 1, on 2/2 > 0, 

(®i)jk= •••/ / ($j)i(yi.*)#*i • 

Jo Jo Jo 

Proof of the proposition. We shall prove that with T n defined as above, VjVeN, 
and V n > 0, on R + x R + , in a neighborhood of (0, 0), 

N 

(4.1) r„$= ^ c abm ylyl{$i)jk + s, 

a + b+2i~2+j + k = 2 

l,j,k>l 

where c a ujk depend on 0\, #2, mi, and rri2, and s is used to denote the Fourier 
transform of any function which, when restricted to R + x R + , is in C N (M + x R + ) 
(plus terms which may be singular either along all of j/i = or along all of 2/2 = 0). 
The proof is by induction. i|4.1|l holds true when n = 0, as shown in 0- We use 
the Taylor expansion with remainder formula, 
(4-2) ' 

1 - e- 2yk - 2m, - ( 22/fc ) 2 + • • • + ( 1) N + ^ +1 /""* (W - t) N+1 e- 2t dt 

6 ~ Vk 2! + +[ > (N + iy + (N + l)\ Jo [Vk ' ' 
for k = 1, 2, in the integrands of the formula 

(4.3) 7^> = 

OO /*00 



(-2») 2 ^ | / / (l- e - 2 ^) Xn _ 1 (r„„ 1 $)sin(77 l2 / 1 )sin(r ?2 y 2 )d2/id2/: 

/ / (1 - e _2yi )x„-i(T n _i$)sin(?7iyi)sm(?72?/ 2 )dyidy 2 . 
Jo Jo 



„2 , 2 /-oo /-oo 

+ (-2*) 2 %±^§ 



Now for 2/2 > 0, 

(4.4) (*,) j)b =p 1 log(y 2 + ty 2 )+p 2 +p 3 arctan^^ + p 4 log|j/i|, 

where the p m are homogeneous polynomials of degree (21 — 2) + j + k in j/i and ?/ 2 
for m — 1,2,3,4, and we shall also denote by (&i)jk its extension to R 2 \ {yi = 
0, ?/2 = 0}, where we use the branch from to — oo to extend the arctan function. 
We show, writing r^rfc for the remainder term in (|4.2() . 

rj 2 + to 2 f°° f°° 

( 4 - 5 ) 1 / / r JVfeX™-i( r n-i*)sin(??i2/i)sm(7722/ 2 )d2/id2/2, 

V + m Jo Jo 

for z = 1,2, is the Fourier transform of a function which may be included in a func- 
tion s. We now use the induction hypothesis so that we may utilize the properties of 
the particular functions comprising T„_i<I>. rMkiViV^i^djk) vanishes to (N + 2)nd 
order along y^ hence its odd reflection about the 2/fc— axis will still be C N+1 on the 
appropriate half-plane. Then the regularity of the operator D\ + D\ — m\ — m\ 
shows 

„? _|_ m ? r<*> 

-\-7 — | / / rwfeXn-i(2/i2/2(*0ife) sin ( ? ?iyi) sin ( 7 722/2)rf2/i d 2/2 
V + m Jo Jo 



is in C N x R+). Again, using the regularity of D\ + D\ — m\ — m 2 , when the 
remaining terms of T n _i$ are considered in the integral in 1)4. 5[) . we can show that 
(|4.5(l may be included in a function s. 
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After using the induction hypothesis in l|4.3(l . we consider 

rj 2 + m 2 f°° f°° 
* = -5- | / / ?Cn-i^J/2( $ 0ifc sin ('7iJ/i) sin ('7iJ/i) d yi d 2/2 



?7 2 + m 2 Jo Jo 

Instead of looking at the odd function, 'J, of both variables, we extend ^| 
denoting the extended function 'J, in such a way that 

if + m z 

Then using the relations 



where 



^(*i)ik = (*ikfc-i). 

— = ?/2$i-l, 
<9j/2 

-~7*<» _ 1 1 1 

Xn-i\, 9 i)jk - ~i~k~nr~, — 2TT 

3 ?7i ?K Wi + ^2) 



9 1 9 ' 
Vl + V-2 



we may write f as a sum of terms of the form 

where ip G is equivalent to 1 in a neighborhood of the origin, a and (3 are 
non-negative integers and I, j, and k are positive integers. 
Once l|4.1|l is proved, another induction argument shows 



T «*l R+ x R+ ^"( K + X K +) 

(modulo a function, s), and thus we may prove the proposition by looking at only 
the first N terms in (13.7(1 . using Lemma l2.1l to argue the vanishing of singular terms 
arising from (|4.1j) or (j4.4(l . □ 

After using the decay of c mim2 with respect to mi and mi to sum over m\ and 
m2, and then transforming back to the variables z\ and z%, we deduce that, Vn G N 
vi may be written 

ui = a„ log (logri) 2 + (logr 2 ) 2 ) + b n + c„ arctan ( )° g Tl ) , 

where a n , b n , and c„ are polynomials of degree n in logri and logr2 whose coeffi- 
cients are smooth functions of 61 and # 2 . 

We now obtain the singularities of ui from those of v\. If 

oc 

m = 2 b mim2 (ri,r 2 )e m ^e m29 \ 



mi ,m,2 — — 00 
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then u\ and v\ are related by 

(4.6) d^" mim2 ~ 7712 T2 = a ™i(™2+i)- 

We assume without loss of generality that, V mi, m,2 > 0, b mim2 and a mim2 are 
supported in some neighborhood of r\ = = 1. The solution to i|4.6|) is given by 



bm 1 m2 — r 2 2 I t 2fl mi(m2 + l)(''l!^)^' 
JO 

We make the substitution u = — log i in the above integral to get 

/oo 
e u(m * +1) a mi{m2+1) {r u e~ u )du. 
- log r 2 

The integral in 14.7|l was considered in |5] and gives, after summing over m\ and 
77i2, and using a theorem of Borel, with similar results on the form of u%, Theorem 

o 

We note that there are / € C°°(fl), for example those / whose components, /i 
and /2, are equivalently equal to 1 in a neighborhood of <9Bi x dV>2, which make 
Theorem 11.11 non-trivial, i.e. aj and jj are not necessarily 0. 

We may also determine a sufficient condition under which the solution exhibits 
any desired degree of regularity up to the boundary of the bi-disc. 

Proposition 4.2. If 

ri=r 2 =0 

V j,k>0 such that j + k < n + 2, then m <E C n (Ti). 
Proof. If H4.8fl holds, then V mi, m 2 

Q2j Q2k 



On 



2j x„.2k^ m i m 2 



= 0, 
yi=V2=o 



V j, k > such that j + k < n + 2, which implies A mi „ l2 e C n (R + x E+) (see 0), 
A mi m 2 an d C mim2 defined as above, and thus V\ — G C"(f2). Then, we can 
see Mi is in C n (fl) by considering integrals as in (|4.7(l . where now the integrands 
areinC"(fi). □ 
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